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1. Theoretical analysis of heat transfer induced by the Casimir interaction

Consider two parallel plates separated by a distance d (Fig. S1). Within the region —L;/2 <
x,y < L;/2 (i=1, 2), the membrane can make vertical displacement u;(x,y). The two

membranes are connected to thermal baths at temperatures T; and T5.
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Figure S1 | Schematics of the structure under theoretical consideration.

Because of the quantum fluctuations of the electromagnetic field, there exists Casimir force

acting between the two membranes. iCEyaNiCEaNonSHonEVoIEmbEnes \vith built-in

tensile stress are given by

2 o azul(x'y' t)
alv ul(x' ZV: t) + FCaS[ul(xi )’; t)'uZ(x ’y ) t)]/W = pT (Sla)
L 0%uy(x,y,t)
O-ZVZuZ(xlyl t) + FCas[uZ(x; yJ t)Jul(x )y ) t)]/W = pza7 (Slb)

Assume that the two membranes have the same density p and thickness w but different stress o,
and a,. The stress depends on the bulk temperatures and therefore can be thermally controlled.
Fc4s represents the Casimir force per area, which is a functional of the displacement profile of

both membranes. In the regime where the motions of the membranes are much slower than the
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response time of the Casimir interaction, the Casimir force acts instantaneously. Using the
Proximity Force Approximation [1] and expanding the force to the first order, we obtain

. 0%u,(x,y,t)
o, Vu,(x,y,t) + FCaS(d)(ul(x, y,t) —uy(x,y, t))/w = plaT (S2a)

) 0%u,(x,y,t)
O_ZVZUZ (X, b2 t) + FCas(d)(uZ (X, Y t) - ul(x' Y t))/W = ,DZOT (SZb)

where the constant force term is neglected. For tensile-stressed membranes, EiEHERGEMEnEl
EIGERMOENNIORIE is given by

X Ty L;
ui (x, y’ t) — ui (t) cos (L_l> Ccos (L_l> ) lel |Y| < ? (SS)
0, otherwise

where i € {1,2}. When the Casimir force is small compared to the stress force, its existence does

not alter the mode profile. |NESEHRGENSEIGENMOESIRIaRIE on both sides of the equations, we

obtain

2 w 4 4 )~

mlou F. (d) (L?u, L>a,u L2
B 11+Cas()<11_112>_p141 (S4a)

m2oyuy | Fies(d) (Liu,  Liayuy _ L3ii,
T2 Ty 4 4 ) Py (S4b)

where the correction factors a;, @, accounts for the mode profile mismatch, i.e.,

min{L,,L,} 2
2 X TX
= d — cos— S5
a; 2 J_min{sl,Lz} X oS L cos L (S5)

The two coupled equations can be rewritten as
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iy + Q%u; — 209.(uy — aquy) =0 (S6a)

iiz + Qzuz - ZQgc(uz - azul) = O (S6b)

4

where Q; = /%LE are the resonance frequencies, and frequency matching Q = Q; = Q,

through thermal control of the stress is assumed. The coupling rate g. is given by g, =

Fias(d)/20pw, or

_ Flas(@)
Ic 200,

(57)

where p, = pw is the area density (mass per area). A remark here is that [NiEHIORNIGHE

membrane is allowed to move, presence of Casimir force causes the membrane resonance
frequency to shift by g (taking u, = 0 in Eq. (S6a)). This frequency shift is used as a correction
[ObERhepUENhermalERiatoneRiest in Extended Data Fig. 7.

We use the Langevin equation to describe thermal fluctuation and dissipation

iy + - + Q%u; — 2Qg:(uy — ayuy) = I (S8a)
i, + - + Q%uy — 2Qgc(uy — ayuy) = I (S8b)

where the fluctuating forces are related to the bath temperatures T; and mechanical dampings y;
by (8Fl-(t)5Fj (t’)) = 6;;6(t — t')8kgT;y;m;. The effective mass m; is given by one quarter of
the total mass of the resonator, i.e., m; = L%p4/4. Using the quadrature notations in the rotating
frame defined as q(t) = [§(t)e™™¥ + " (t)e™¥]/2 for q € {uy, u,, 6F;, 6F,} and assuming

y; < Q, we obtain
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iSF,

Uiy + 10y — ige(fly — afly) = 20m, (S9a)
: ioF
fly + 72l — ige(fly — apfly) = mnjz (S9b)
In the frequency domain, they become
(‘U +9c+ v —9c )<ﬁ1[w]) _ _ 1 (6F [w]/my (510)
—9gca; w + gc +1v2) \ii,[w] 20\6F,[w]/m,

Eigen-frequencies of the coupled modes can be solved by taking determinant of the matrix on the

left-hand-side to be zero. The eigen-frequencies are given by

Y1ty
w1 = —gc [1i\/a1“2 —(V1_V2)2/ggl — T (S11)

As the two membranes are close to size-matched, a, a, approaches 1. In our experiment, L, =
330 um and L, = 280 um leads to a; a, = 0.95. When the two oscillators are strongly coupled,

i.e., gc > Y1, Y2, the eigen-frequencies in the non-rotating frame become

'Qeven ~ () — gC(l T/ alaz) - i(Yl + VZ)/Z (Slza)
Qoaa = Q= gc(1+ Jara,) — i(ys +v2)/2 (S12b)

The even (odd) mode corresponds to the coupled mode where the two resonators move in same

(opposite) direction (see Fig. 4a inset for illustration). The frequency splitting is given by

AQ =2g; or Af =gc/m (813)



where g. = gcJaqa; is the effective coupling rate that includes the mode-matching correction.

In our experiment, \/a;a, = 0.97 and therefore g = g.. Strength of the coupling is determined

by the ratio g/?/y1v,. Note that Af is a direct measure of the Casimir force gradient.

To derive temperature of the phonon mode, we obtain the power spectral densities from Eq.

(S10) as
5 o] = 1@+ 9% +¥312ksTrys fmy + gEad2kes Toya/m,
i Q[[(@+9c)? —v1v2 =98 1 + 1 +v2)* (@ + g¢)?]
[+ g0)? +vi12kg Ty, /my + géas2kpT iy, /my
Sy, [w]

T Q2[[(w+ g2 —v1va — 9Z P+ (1 +¥2)2(w + gc)?]

(S14a)

(S14b)

The mean square fluctuation of the displacement is related to the spectral densities by (|#;|?) =

f_io dw Sz:q, [w]/2m. Using kpT; = miﬂz(uf), the mode temperatures can be expressed as

T = ]m d_w [(w+ gc)* +v3]1Tivs + g'cszyz

Ve m [0+ 902 —v1v2 — 92 12 + (1 + v2)2 (@ + g¢)?
T — foo d_“) [(w+ 90)* + vE1T2v2 + 98 Tava

2 ) e T @+ 902 —11¥2— 92 12 + (r1 + ¥2)%(w + g¢)?

The above integrals can be carried out analytically and simplified as

T, —T.
T =T, + Y2(T 1)
(Y1 +7v2) (1 +Y12;2)
9c
T, — T
T =T, + v1(Ty 2)

W1+Vﬂ<1+zgg>
Ic

In the weak and strong coupling regimes, we have

(S15a)

(S15b)

(S16a)

(S16b)



Case 1: g- < y1,¥- (weak coupling)
Case 2: g¢ > y,,7- (strong coupling)

, , , T,v1 + T,y
Ty =T =Tth=ﬁ (518)

Note that [GEICHEERIcaERs . therefore, the Casimir heat transfer effect rises sharply at short

distance.

Net energy flow rate from the thermal bath to the mode can be calculated from
P; = ((6F; — 2yymyy) - ) = 2y;kp(T; — T}) (S19a)
which leads to

2Y1Y2kp(T, — Ty)

(y1 +7v2) (1 + yl—)éz)
dc

The expression is consistent with the results of Ref. 2 (See Eq. (43) of Ref. 2). In the limit of
strong coupling (g¢c > v1,v2), we obtain

2y1Y2
kB (Tz - T1) =

P, = —P, =
2 ! Y1t 7V2 Q:+Q;

k(T —T1) (520)

In the above analysis, proximity force approximation was used which treats the membrane
surfaces as parallel planes locally. Such an approximation is valid when the wavelength of the
phonon mode is much larger than the gap, i.e., d/A «< 1. In our experiment, A = 2L = 600 um

and d/A = 1073, and thus the condition is satisfied. When the condition is no longer valid,
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correction of the Casimir interaction will be necessary as discussed in Refs. [3,4]. In the

following we estimate such a correction in our experiment.

Figure S2 | Surface modulation in presence of phonon.

Consider phonon modes with amplitudes u,; and u, and wavelength A excited on two parallel
surfaces separated by a short distance d, as illustrated in Fig. S2. Compared to the perfectly
planar configuration, the surface modulation due to phonons modifies the vacuum energy. Ref. 3

derives the modification of the van der Waal’s energy per area as (see Egs. (16) & (23) of Ref. 3)

Cn 2

AEvaw = —go7

l(ul —uy)? + 2m? (g>

i uluzl (522)

where d/A « 1 is assumed to expand the expression to the lowest order of d/A. The first term is
the spring term that expresses the coupling between the two phonon modes. The second term is

the cross term which has a coefficient on the order of 10~> under our experimental condition.

A similar expression for Casimir energy that takes into account the retardation effect can be
obtained from Ref. 4. By combining and expanding Egs. (44), (32), (37), (38), (46), (50a), and
(50Db) of Ref. 4 to the lowest order of d /4 and noticing that £..(b = 0) « u,u, for situation

u, # u,, the modification of the Casimir energy per area can be expressed as



hcm?

Acas = = 57048

R CIEE=C e

_ 2
{(u1 Uy) 9 1 3 \1

In this case, both the spring term (< (u; — u,)?) and the cross term (e u,u,) contain correction
terms that are of the second-order of d/A. Those terms are on the order of 10~> under our

experimental condition.

2. Thermal time constants of the bulk and single-mode heat transfer

Here we analyze the thermal time constants of both the bulk and single-mode heat transfer
processes in our system. For bulk processes (Fig. S3a), thermal time constants for radiation heat
transfer (t,..4) and heat dissipation to substrate (z4;5) are estimated by 7,4 = (hgy Cay +
hsinCsin) /Kraa(d) and Tgis = L?(hay Cay + hsinCsin) /4(hauk ay + hsinKsin), Where by,
(hsin), Cau (Csin), and Ky, (rcs;n) represent the thickness, heat capacitance (per volume) and
thermal conductivity of the gold (silicon nitride) thin film. x,.44(d) = 1.4 (300 nm/d)?4® Wm?/K
is the thermal radiation conductance between gold surfaces determined experimentally in Ref. 5.
For single-mode processes (Fig. S3b), thermal time constants for the resonant Casimir heat
transfer (7.) and heat dissipation to thermal bath (z;) are given by 7, = 1/g.(d) and 7; =

1/y; (i = 1,2). Values of the parameters used in calculation are {C4,,, Csin} = {2.5, 1.6}x 10°

IMK, {kay, Ksin} = {150, 103 W/MK, {huy, hsiy} = {150, 100} nm, and L = 300 pm.
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Figure S3 | Thermal time constants for bulk (a) and single-mode (b) heat transfer processes.

We can see that t,,4 > T4 in all distances. It means that thermal radiation is not effective in
influencing the membrane temperature since heat dissipates to substrate faster. On the other
hand, 7, < 14, T, at short distance meaning that Casimir effect is efficient in transferring heat.
This is the main reason why the Casimir effect can significantly change the mode temperature
and lead to thermalization at short distance. Also, we can see that 7, < 7,44 for the whole
distance range and therefore the Casimir heat transfer effect occurs faster than thermal radiation.
Another remark is that both 7,.,4 and t4;s are much larger than the membrane oscillation period
1/Q ~ 1 us, therefore, the membrane bulk temperature could not fluctuate fast enough to excite

the membrane resonance.

3. Stabilities of the bias voltage and mechanical damping

Throughout the heat transfer measurement, the bias voltage V,, is applied to compensate for the

surface potential V, at each separation. We apply the bias voltage by connecting a low-noise



source meter (Keithley 2400) to the sample through an RC circuit shown in Fig. S4a. The circuit
serves as a potential divider and low-pass filter. It provides a dividing ratio of 45 dB at DC and

62 dB at 200 kHz. To estimate the fluctuation in V,,, we measure the noise spectral density of the

source meter (v2/Af). The results are shown below in Figs. S4b & S4c. We estimate that

- . _ 4kpT(R4lRy)
(v§/Af) reaches the thermal Johnson noise S, (w) = 1+w2(RyIIR;)?C? at low frequency above 30

Hz with S, ~ 1 x 10718 V2 /Hz (except at the harmonics of AC power line frequency 60 Hz)

and at frequency near the membrane resonance with S, ~ 2 x 1072° V2 /Hz.

The voltage difference between the two membranes is given by [(V,, — V,) + v, (¢)]. The
residual voltage (V,, — V) is estimated to be <5 mV based on the measurement precision in
determining V, (see Extended Data Fig. 5b). The fluctuation voltage is much smaller than the
residual voltage, namely v, (t) < (V, — V,), and thus the electrostatic force per area can be

written as F(t) = —go(V, — Vo) [(V, — Vo) + 2v,(2)]/2d2.
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Figure S4 | a, Electrical circuit for applying the bias voltage. b, c, Noise power density of the source

meter at low frequency (b) and at frequency near the membrane resonance (c), respectively.



In the low frequency range, the fluctuation of the electrostatic force would cause drift of the
electrostatic coupling between the membranes. In Fig. S5a, we compare the Casimir coupling

rate g. (induced by the Casimir force), residue electrostatic coupling rate g5 (caused by V,, —

Vo), and the electrostatic coupling fluctuation Agg (using +/(v2) = \/ksT/C). It is shown that

both g and Agg are several orders of magnitude smaller than g., and thus are negligible.

In the high frequency range near the mechanical resonance, the fluctuation of the electrostatic
force would resonantly drive and thus heat up the mechanical modes. In Fig. S5b, we present the
calculated temperature rise of the two mechanical modes AT, and AT, using the estimated noise
density near the mechanical resonance frequency. Above 300 nm, the mode temperature rise is

less than 0.001 K, which is negligible.
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Figure S5 | a, Comparison of the Casimir coupling rate g, the residue electrostatic coupling rate g,
and the electrostatic coupling fluctuation Agy. b, Estimated mode temperature rise induced by bias

voltage fluctuations.
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